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Background Results Product construction Summary

Pebble Games

u v

x y

z

I Single player game on DAG
I Indegree 2, single sink

I Goal: pebble on sink; rest of graph empty
I Minimize #pebbles

Standard pebble game [Paterson, Hewitt ’70]

I Add pebble if predecessors have pebbles

I Remove pebble at any time

Example: Price = 3

Reversible pebble game [Bennett ’89]

I Add pebble if predecessors have pebbles

I Remove pebble if predecessors have pebbles

Example: Price to reach = 3, full price = 4
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Background Results Product construction Summary

Connections to other games

Dymond–Tompa [’85] and Raz–McKenzie [’99] pebble games

I Two player games, alternating rounds

I Dymond–Tompa characterizes parallel time [Venkateswaran, Tompa ’89]

I Raz–McKenzie lower bounds monotone depth [Raz, McKenzie ’99]

Reversible pebbling equivalent to Dymond–Tompa and Raz–McKenzie.
[Chan ’13]
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Background Results Product construction Summary

Why Study Pebbling?

I Flowcharts and recursive schemata [Paterson, Hewitt ’70]

I Register allocation [Sethi ’75]
I Time and space trade-offs [Chandra ’73; Cook ’74;

Hopcroft, Paul, Valiant ’77; Savage, Swamy ’77,’79,’83; Tompa ’78]

I Parallel time [Dymond, Tompa ’85; Venkateswaran, Tompa ’89]

I Communication complexity [Raz, McKenzie ’99]

I Monotone space complexity
[Chan, Potechin ’12; Filmus, Pitassi, Robere, Cook ’13]

I Proof complexity [Bonet, Esteban, Galesi, Johannsen ’98;
Ben-Sasson, Wigderson ’99; Ben-Sasson, Nordström ’08, ’11]

I Cryptography [Dwork, Naor, Wee ’05; Alwen, Serbinenko ’15]

Interesting combinatorial game in itself
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Background Results Product construction Summary

Standard vs Reversible Pebbling

Simulation [Královič ’01]
Standard price p → reversible price O(p2 log n)

Separation [Bennett ’89]
Reversible price at least max(p, log depth)

Path of length n
u1 u2 u3 u4 u5 u6 u7 u8

I Standard price: 2
I Reversible price: log n

Question
Are standard and reversible prices within additive log n?
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Background Results Product construction Summary

Complexity of Pebbling

Can we pebble a given graph with p pebbles?

Standard pebbling is PSPACE-complete [Gilbert, Lengauer, Tarjan ’80]

I Reduction from QBF
I Gadgets for variables, clauses, conjunctions and quantifiers
I Extract assignments to variables as pebbling progresses
I One extra pebble enough for false QBF

Question
Is reversible pebbling PSPACE-complete?

Yes, if we had unbounded indegree [Chan ’13]
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Background Results Product construction Summary

Approximability of Pebbling

Question
Given graph, can we approximate pebbling price?

I No approximation algorithm known
I No hardness result (expect in very restricted “one shot” setting

[Wu, Austrin, Pitassi, Liu ’14])

Is there a polynomial time algorithm that computes pebbling price
within 1 pebble?

Marc Vinyals (KTH) Hardness and Separation for Pebble Games 6 / 16



Background Results Product construction Summary

Approximability of Pebbling

Question
Given graph, can we approximate pebbling price?

I No approximation algorithm known
I No hardness result (expect in very restricted “one shot” setting

[Wu, Austrin, Pitassi, Liu ’14])

Is there a polynomial time algorithm that computes pebbling price
within 1 pebble?

Marc Vinyals (KTH) Hardness and Separation for Pebble Games 6 / 16



Background Results Product construction Summary

Approximability of Pebbling

Question
Given graph, can we approximate pebbling price?

I No approximation algorithm known
I No hardness result (expect in very restricted “one shot” setting

[Wu, Austrin, Pitassi, Liu ’14])

Is there a polynomial time algorithm that computes pebbling price
within 1 pebble?

Marc Vinyals (KTH) Hardness and Separation for Pebble Games 6 / 16



Background Results Product construction Summary

Our Results

Theorem (Separation)
Standard and reversible pebbling are separated by a log n factor.

Theorem (Completeness)
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Stronger Separation

Theorem (Separation)
There are graphs with standard price p and reversible price Ω(p log n)
for any p .

√
n.

Paths in parallel (Unbounded indegree)

I Standard price:
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Stronger Separation

Theorem (Separation)
There are graphs with standard price p and reversible price Ω(p log n)
for any p .

√
n.

Road graph
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Background Results Product construction Summary

Reversible Pebbling is PSPACE-complete

Theorem (Completeness)
Deciding reversible pebbling price is PSPACE-complete.

I Reduction from QBF, similar to standard pebbling at high level
I New gadgets, more technical proof
I Progress not in topological order — harder to keep track
I One extra pebble still enough for false QBF
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Background Results Product construction Summary

Pebbling is Hard to Approximate

Theorem (Inapproximability)
Deciding standard and reversible price within any additive constant is
PSPACE-hard.

I New graph product w/ priceS(G×S H) = priceS(G) + priceS(H)− 1
I New graph product w/ priceR(G×R H) = priceR(G) + priceR(H) + 1
I Theorem follows by amplifying gap in decision problem
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I Theorem follows by amplifying gap in decision problem
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Upper Bound
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I Follow pebbling for outer graph
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Lower Bound: actual proof

I Ignore sink, count price of configuration
I Full price in copy→ pebble corresponding vertex
I Reach price→ pebble if not all predecessors in outer pebbled
I Not a valid pebbling, need to insert extra moves
I Get price(O) copies with a pebble and either

I one with price(I) pebbles, or
I one with price(I)− 1 pebbles and another with 2 pebbles.

I It works!

Marc Vinyals (KTH) Hardness and Separation for Pebble Games 14 / 16



Background Results Product construction Summary

Lower Bound: actual proof

I Ignore sink, count price of configuration
I Full price in copy→ pebble corresponding vertex
I Reach price→ pebble if not all predecessors in outer pebbled
I Not a valid pebbling, need to insert extra moves
I Get price(O) copies with a pebble and either

I one with price(I) pebbles, or
I one with price(I)− 1 pebbles and another with 2 pebbles.

I It works!

Marc Vinyals (KTH) Hardness and Separation for Pebble Games 14 / 16



Background Results Product construction Summary

Making the Indegree Constant

Replace v by vin, vout , vto

v
vto

vin vout

I Price increases to price(O) + price(I) + 1

I Two-level argument
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Background Results Product construction Summary

Summary

Results
I Separation standard vs reversible pebbling
I Reversible pebbling is PSPACE-complete
I Standard and reversible pebbling are PSPACE-hard

to approximate within any additive constant

Open Problems
I Relation between standard and reversible pebbling
I Approximation algorithm for pebbling price?
I Stronger hardness of approximation

Thanks!
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